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GPS SATELLITE SURVEYS
AND VERTICAL CONTROL?

By David B. Zilkeski' and Larry D. Hothem,’ Member, ASCE

ABSTRACT: Analysis of Global Positioning System (GPS) survey data has shown
that GPS can be used to establish precise relative positioning in a three-dimensional
system. The results of many tests and operational projects have clearly shown that
GPS survey methods can replace classical horizontal terrestrial survey methods.
Comparable accuracies have also been achieved for GPS-derived ellipsoid height
differences. The problem of converting these ellipsoid height differences to or-
thometric height differences remains to be resolved. Can the accuracies achieved
for these orthometric height differences provide a viable alternative to classical
geodetic leveling techniques? Some results of analyses performed by the authors
in estimating orthometric heights from GPS surveys indicate that with appropriate
planning, consideration of GPS survey specifications for connection to bench marks,
proper field observing procedures, and proper strategy for estimating geoid heights
and final orthometric height values, it is possible to use GPS survey methods to
estimate orthometric heights to meet a wide range of engineering requirements for
vertical control. Therefore, another question needs to be addressed. What are the
accuracy requirements of most engineering and mapping applications? This is best
answered by users of the data and will influence how much effort should be di-
rected toward determining more accurate geoid heights.

INTRODUCTION

Since early 1983, the National Geodetic Survey (NGS) has performed con-
trol survey projects in the United States using satellites of the Global Po-
sitioning System (GPS). These GPS surveys have met the requirements of
many users, e.g., analysis of subsidence (Strange 1985) and connection of
control points to the National Geodetic Reference System (Hothem et al.
1984).

Analysis of GPS survey data has shown that GPS can be used to establish
precise relative positions in a three-dimensional Earth-centered coordinate
system. GPS carrier phase measurements are used to determine vector base
lines in space where the components of the base line are expressed in terms
of Cartesian coordinate differences (AX,AY, AZ) (Remondi 1984). These vector
base lines can be converted to distance, azimuth, and ellipsoidal height dif-
ferences (dh) relative to a defined reference ellipsoid. Orthometric height
differences (dH) can then be obtained from ellipsoid height differences by
subtracting the geoid height differences (dN):

dH =dh — dN . ... e e e )

(Note: this equation is approximate; the error is always very small and is
considered to be insignificant.)
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The results of many tests and operational projects have clearly shown that

GPS survey methods can replace classical horizontal terrestrial survey meth-
ods. Comparable accuracies have also been achieved for GPS-derived el-
lipsoid height differences. However, there remains the problem of converting
these ellipsoid height differences to orthometric height differences. Can the
accuracies achieved for these orthometric height differences provide a viable
alternative to classical geodetic leveling techniques?
- There are several reports documenting the technical aspects of GPS rel-
ative positioning (Remondi 1984; King et al. 1985; Wells 1986; NOAA 1985;
and DMA 1986) and geoid height determinations (Schwarz et al. 1987; Kear-
sley 1984; Kearsley 1985; Kearsley 1986a; Kearsley 1986b; Fury 1986; Rapp
1981; Engelis et al. 1984; Moritz 1983; Vanicek and John 1983; Tscherning
1974; and Heiskanen and Moritz 1981). It is clear that GPS-derived orthom-
etric heights will have a major impact on the surveying community in the
future. There are, however, several factors that must be investigated and
documented before GPS-derived orthometric heights can be used routinely
by the surveying community. This report gives some results of the analyses
performed by the authors in comparing orthometric heights determined by
differential leveling techniques to orthometric height differences from GPS
surveys and predicted geoid height differences. Factors that need to be con-
sidered for GPS-derived orthometric heights are discussed.

HeiGHTS AND HEIGHT DIFFERENCES

Orthometric heights (H) are referenced to an equipotential surface, e.g.,
the geoid. The orthometric height of a point on the Earth’s surface is the
distance from the reference surface to the point, measured along the plumb
line normal to the geoid. Ellipsoid heights () are referenced to a reference
ellipsoid. The ellipsoid height of a point is the distance from the reference
ellipsoid to the point, measured along the line that is normal to the ellipsoid.
The difference between an ellipsoid height and an orthometric height is de-
fined as the geoid height (V) (to a sufficient approximation). Fig. 1 depicts
these three different height systems.

Please note that, for purposes of simplicity, the H and h in Fig. 1 are
shown to be along a common vertical. Actually, H is normal to the geoid
and A is normal to the ellipsoid (the difference being the deflection of the
vertical). This would cause a very small error that is considered insignificant
compared to present uncertainties of geoid height difference estimates.

Several error sources that affect the accuracy of orthometric, ellipsoid, and
geoid height values are generally common to nearby points. Because these
error sources are common, the uncertainty of height differences between nearby
points is significantly smaller than the “absolute” heights at a point.

Ellipsoidal height differences (dh) can be determined from GPS phase
measurements with 1-sigma uncertainties that are typically + /— (0.5cm +
1-2 ppm) (DMA 1986 and NOAA 1985). With improved orbit determina-
tion techniques, dual frequency carrier phase data, and improved antenna
designs, uncertainties approaching +/— (0.2 cm + 0.01-0.1 ppm) may be
achieved for dh values. Table | summarizes repeat GPS ellipsoid height
difference measurements determined from data obtained during the testing
of GPS survey equipment by the Federal Geodetic Control Committee (FGCC)
on the test network located in the vicinity of Washington, D.C. Geoid height
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ORTHOMETRIC HEIGHT DIFFERENCES
USING GPS RELATIVE POSITIONING

N
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ah - ELLIPSOID HEIGHT DIFFERENCE

®IF FROM ASTROGRAVIMETRIC PREDICTION METHODS WE CAN COMPUTE:
AN - GEDIDAL HEIGHT DIFFERENCE

@ THEN,

aH = ah - AN, WHERE AH IS THE ORTHOMETRIC HEIGHT DIFFERENCE

FIG. 1. Orthometric Height Differences Using GPS Relative Positioning

differences (dN) in the United States can be determined from gravity data
and Stokes’ integral method, or from astrogravimetric data and least squares
collocation methods with uncertainties that are typically 1-10 cm for dis-
tances of as much as 20 km and 5-20 cm for distances from 20 to 50 km
(Fury 1986 and R. Fury, NGS, personal communication 1988). The lower
value for the uncertainties has been demonstrated in tests in several regions
of the United States. Larger uncertainties can be expected in other areas,

TABLE 1. Summary of Repeat GPS Ellipsoid Height Difference Measurements,
FGCC Test Network, Washington, D.C.

Stations Observing Number of Stand;r:ﬂ?::uatlon
Distance span range repeat
From To (km) {min) measurements cm Prop. part
(1) () (3) (4) (5) (6) (7)

NBS1 NBSO 0.18 18 to 162 12 0.4 1:45,000
NBS1 NBS3 0.49 18 to 122 15 0.6 1:82,000
NBS1 NBS4 0.75 18 to 164 11 1.0 1:75,000
NBS!1 ORM1 1.32 18 to 149 20 1.2 1:110,000
NBS1 ATHY 7.39 13 to 164 17 1.2 1:620,000
NBS1 OPTK 17.55 25 to 165 12 2.5 1:700,000
NBS1 GORF 35.66 25 to 165 10 38 1:940,000
NBSI ASTW 104.35 21 to 170 4 17.3 1:600,000

Note: Repeat measurements derived from GPS observations collected with six different systems
during test surveys conducted between January 1983 and November 1988.
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depending on the density of the gravity network and uncertainties in the
determination of gravity anomalies.

When high-accuracy field procedures are used, orthometric height differ-
ences can be computed from measurements of precise geodetic leveling with
an uncertainty of less than 1 cm over a 50-kilometer distance. Lower ac-
curacies are achieved when third—order leveling methods are employed. De-
pending on the accuracy requirements, GPS surveys and present geoid pre-
diction models can be employed as an alternative to classical geodetic leveling
methods, but are not usually as accurate. The obvious limiting factor is the
accuracy of estimating geoid height differences. The models used to estimate
geoid heights are usually too generalized to accurately represent the local
relief of the geoid. There are, however, a wide range of existing engineering
projects for which GPS surveys may meet vertical control requirements.

ERROR SOURCES

As in other geodetic techniques, the accuracy of the results depends on
the significance of error sources. Table 2 lists some error sources that may
affect the accuracy of GPS-derived orthometric height differences.

The most significant error source is the uncertainty in computing geoid
height differences that varies significantly throughout the United States. The
magnitude of the uncertainties depends mostly on the variability of the grav-
ity field, the density and distribution of gravity observations, and the ac-
curacy in gravity data reductions. From this study, uncertainties of 5-15 cm
were typical, except for GPS projects performed in mountainous regions where
uncertainties of more than 1 m were detected. As stated above, the models
used to estimate geoid heights are usually too generalized to accurately rep-
resent the local relief of the geoid.

The error sources associated with GPS data can be minimized by adhering
to appropriate specifications and procedures (Hothem 1988). Some examples
include using two-frequency receivers and accurate surface weather mea-
surements to reduce the effects of atmospheric refraction, selecting appro-
priate sites to optimize connections to points with known precise orthometric
height differences, minimizing the effects of obstructions, accurately mea-
suring the height of the antenna phase center before and after data collection,
and selecting observing periods with optimal satellite geometry and number.
By adhering to the appropriate specifications and procedures, the effects of
error sources influencing GPS can be minimized in order to obtain ellipsoid
height differences with uncertainties typically better than +/— (0.5 cm +
1-2 ppm). Thus, the limiting factor in estimating GPS-derived orthometric
heights to meet the accuracy requirements for most engineering and land
surveys is the accuracy of estimating geoid height differences.

MeTHoDS Usep BY NGS 10 EsTiMATE GEOID HEIGHTS

NGS has used three techniques for the calculation of geoid heights: (1)
Stokes’ classical method (Fury 1984; and Fury 1986); (2) least squares col-
location (Tscherning 1974); and (3) computation using the Earth’s gravity
ficld represented by spherical harmonics.

The classical method of Stokes uses only gravity data in estimating the
undulation of the geoid about a reference ellipsoid:
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TABLE 2. Error Sources That May Affect the Accuracy of GPS-Derived Ortho-
metric Height Differences

Factor Error source
(1) (2)

Geoid height difference | Prediction method
. Distribution and accuracy of data used in predictions
GPS antenna setup Height measurements
Correct identification of bench mark
Vertical network control | Accuracy of orthometric heights
Internal consistency
Vertical deformation
Misidentified bench mark
GPS data Antenna
Phase center instability
Multipath effects
Different antenna designs
Atmospheric refraction
Ionospheric
Tropospheric
Orbital coordinate data
Broadcast (predicted)
Precise
Period of the observing session
Processing software
Method—single, double, or triple difference processing
Mode—single, multiple, or network base line solutions
Orbit data—fixed versus adjusted refinement
Satellite constellation
Status—health
Number available
Geometric distribution
Spacing between stations
Survey site obstructions

2m L]
R
N=-— f f DG, WS SIn Y APAA .o )
ang Jo Jo

In this expression (¢§) = an average (global) value of gravity; R = the
mean radius of the earth; (Ag) represents free air gravity anomalies which
are derived from measurements; S({§) is the familiar Stokes function; and N
is the calculated geoid height at a given station.

Stokes’ formula is evaluated through the application of fast numerical al-
gorithms that inevitably involve various degrees of approximation. Other critical
aspects of this technique are the method by which gravity anomalies (Ag)
are computationally derived and, -of course, the assumption that the density
and distribution of observations are sufficient to adequately model the geoid’s
slope and its changes in slope.

Since the numerical algorithms were developed to meet the objectives of
the North American (horizontal) Datum of 1983 readjustment project, they
do not, in general, yet fulfill centimeter-level prediction requirements (Fury
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1984). In addition, the accuracy of estimated geoid heights varies as a func-
tion of quality and quantity of observed data, especially in areas with steep
geoid slope.

The second technique used by NGS to estimate geond heights utilizes least
squares collocation (Tscherning 1974; and Fury 1986):

N = ChadCapag) 'Bg

In this expression, (Ag) represents a vector of gravity anomalies; (Cagz.a,)
is a covariance matrix of the gravity anomalies; and (Cy,,) is a cross-co-
variance vector between geoid heights and gravity anomalies.

There are three basic factors which affect the accuracy of computed geoid
heights using least squares collocation: (1) The extent to which the covari-
ances reflect the data; (2) the strategies of data selection; and (3) the density
and distribution of gravity anomalies. The distinctly different characteristic
of this technique, as compared to that of Stokes’, is the ability to utilize a
combination of measurements in addition to gravity: deflections of the ver-
tical and geoid heights derived from geometric measurements and leveling;
e.g., estimated geoid heights using GPS data and leveling data. This for-
mulation also provides estimates of the accuracy of computed geoid heights,
in contrast to the Stokes’ technique.

Geoid heights can be conveniently computed from coefficients of a spher-
ical harmonic series (Heiskanen and Moritz 1981) that may be derived from
globally distributed gravity anomalies, data from satellite altimetry, satellite-
to-satellite or satellite-to-Earth tracking data, and/or the combination of any
of the above. The global gravity field, i.e., Earth model, defined in terms
of spherical harmonics, must be expanded to high degree and order (e.g.,
n = 180, n = 360 or higher) in order to achieve a useful resolution in geoid
detail. Presently available geoid models are generally inadequate to provide
the details of local geoid surfaces required for accurate estimates of ortho-
metric height determinations using GPS. In other words, the models are too
generalized to accurately represent the local relief of the geoid. NGS has
used the n = 180 field of Rapp (1981) and the n = 360 field of Rapp and
Cruz (1986).

The full potential of these techniques has not been fully exploited. The
demonstrated requirements for higher accuracies by the surveying commu-
nity will be a strong motivation to improve the numerical techniques pres-
ently employed, as well as to institute a gravity compilation/observation
program for a more complete gravity data base.

DATA EVALUATION

An important aspect of any geodetic positioning technique is to ensure
that all data outliers have been removed from the data. The design of the
network can be very helpful when analyzing the data.

GPS results can be evaluated by analyzing network loop misclosures, re-
peat base line differences, and least squares adjustment results. The design
of the network should be such that there are enough rcdundant observations
to detect data outliers.

It was mentioned previously that the largest conmbutlon to the error bud-
get is uncertainty in geoid height difference estimates. Therefore, it is im-
portant to evaluate these estimates. Since the slope of the geoid can change
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significantly between “widely” spaced monuments, it is necessary to per-
form a detailed study of the density and distribution of observed gravity
values (or free-air anomalies) to determine the slope and changes in slope.
The distribution of known orthometric heights is extremely important in ver-
ifying geoid height differences. Vertical control stations (bench marks) should
be strategically located throughout the network in order to determine the
geoid’s slope and its changes in slope (flatness).

There are four major items that must be considered when orthometric heights
of bench marks obtained from leveling data are used to evaluate GPS-derived
orthometric height results. First, and most important, is that all orthometric
heights must be referenced to the same datum; e.g., the National Geodetic
Vertical Datum of 1929 (NGVD 29). Second, the network must be designed
in such a manner that bench marks which have been disturbed or influenced
by vertical crustal motion will be detected during the analyses. Third, all
leveling data used to establish the heights should be corrected for known
systematic effects. Last, the latest and/or most accurate data available should
be used to estimate the orthometric height differences between monuments.

RESULTS

Precise geodetic leveling data were used to estimate orthometric height
differences between monuments. These height differences provided the stan-
dards used for the comparisons. GPS-derived orthometric height differences
estimated from ellipsoid height differences and geoid height differences were
then subtracted from the differential leveling results to obtain the comparison
(denoted as ddH in the tables). Tables 3 through 11 list some results of
analyses performed by the authors in estimating GPS-derived orthometric
heights.

TABLE 3. Comparison of Orthometric Height Differences, Summit County, GPS
Survey Project, 1983

; (ddH)/(AH Leverin
. Approximate . n
Stations Distance elevation Minus AHops)
From To (km) difference (m) cm proportional
(1) (2) ®) (4) (5) (6)
Otis Airport 2.2 -30 0.1 1:2,200,000
Airport Square 1.3 37 03 1:430,000
W. Pond H 179 10.6 -4 —4.9 1:220,000
U 177 Horst Azi 11.4 72 -2.6 1:440,000
U 177 B 10 33.1 42 3.6 1:920,000
N 177 H 179 11.1 4 8.7 1:130,000
39 RH B 10 19.9 -27 -2.5 1:800,000
Square S 337 3.2 -23 -2.5 1:128,000
N 177 U 177 7.2 1 -1.5 1:480,000
39 RH S 337 7.2 -30 4.2 1:170,000
Mean = 0.3 cm

Standard deviation = +4.1 cm

'Geoid height differences predicted with MCANAL—Ileast squares collocation.
Note: Range for station elevations: 288 to 355 meters; range for geoid height differ-
ences: —34 to 14 cm.
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TABLE 4. Comparison of Orthometric Height Differences, Memphls, Tennessee-
Rena Lara, Mississlppl, GPS Survey Project, 1984

Stations Approximate (ddH)/(ﬁzm,;:, Minue
Distance elevation GPs
From To (km) difference (m) cm proportional
(1) (2) (3) (4) (5) (6)

RENA 2 LAKE 8.42 -0.2 -0.1 0.1 ppm
RENA 2 J 346 4.14 -0.6 1.2 1:350,000
RENA 2 B 346 6.37 1.6 1.0 1:640,000
B 346 Z 345 2.93 0.3 -1.1 1:270,000
Z 345 MCWILLIAMS® 4.22 -1.3 -1.6 1:260,000
T 345 MCWILLIAMS* 4.61 -1.5 0.0 —
T 345 N 345 5.94 1.0 1.5 1:400,000
N 345 ADEHO 2* 4.38 -2.9 0.9 1:490,000
ADEHO 2* G 345 5.76 5.4 1.1 1:520,000
G 345 B 345 5.57 -0.4 1.2 1:460,000
B 345 J 344 6.72 1.0 -0.5 0.7 ppm
J 344 W 349 5.54 0.1 6.6 1:84,000
W 349 AUSTIN 2 5.20 -5.4 2.5 1:210,000
AUSTIN 2 P 349 4.04 6.3 -0.2 0.5 ppm
P 349 M 349 4.00 -0.2 -0.1 0.3 ppm
M 349 C 349 9.96 1.8 0.8 0.8 ppm
C 349 ABB 4.21 1.2 -2.3 1:180,000
ABB V 348 5.52 0.7 4.3 1:130,000
V 348 R 348 7.27 0.2 4.7 1:150,000
R 348 L 348 5.89 0.4 3.6 1:160,000
L 348 D 348 7.72 1.8 33 1:230,000
D 348 F 348 6.75 -1.0 -4.9 1:140,000
D 348 A 348 4,13 -5.0 2.3 1:180,000

Mean = 1.0 cm
Standard deviation = +2.5 cm

*Geoid height differences predicted with MCANAL—least squares collocation.
®Antenna mounted on 40-foot tower.
Note: Range for station elevations: 57 to 73 m; range for geoid height differences: ~10 to 9 cm.

Referring to Tables 3 through 5 it is clear that in many regions of the
United States, orthometric heights can be estimated using GPS and gravity
data with uncertainties of 5—15 cm. However, looking at results from GPS
projects performed in mountainous regions (see Tables 6 and 7), it is clear
that in some regions of the United States, GPS-derived orthometric heights
may be in error by more than 1 m. This is unacceptable and appropriate
procedures must be followed in order to detect and reduce these large un-
certainties. This will be addressed in more detail in the next section.

Table 3 lists the results from a GPS project performed in Summit County,
Ohio, an area with relatively flat terrain. Fig. 2 depicts the network design
of the project. Some of the GPS-derived orthometric height estimates meet
FGCC section closure tolerances (FGCC 1984) for first-order, class I lev-
eling [3.0 mm X SQRT(km)]; e.g., Otis to Airport, ddH = 1 mm in 2.2
km (allowable = 4.4 mm); and Airport to Square, ddH = 3 mm in 1.3 km
(allowable = 3.4 mm).

This is encouraging, but it must also bg pointed out that in the same proj-
cct, there are estimates which do not even meet FGCC section closures for
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TABLE 5. Comparison of Orthometric Height Differences, FGCC Test Network
Surveys, Washington, D.C.

_ - Approximate (ddH)/(AHw,::,,; Minus
Stations Distance elevation AHaps)"
From To (km) difference (m) cm proportional
(1) (2) (3) (4) (5) (6)

NBSI NBSO 0.18 2 -0.7 1:26,000
NBS1 NBS3 0.49 -1 -0.9 1:54,000
NBSI NBS4 0.75 -11 -1.0 1:75,000
NBS1 ORMI1 1.32 15 -1.0 1:130,000
NBSI1 ATHY 7.39 -2 2.3 1:320,000
NBSI1 OPTK 17.55 —-26 2.4 1:730,000
NBS1 GORF 35.66 —-86 -2.5 1:1,430,000
NBSI1 ASTW 104.35 -70 -0.5 1:2,090,000

*Geoid height differences predicted with MCANAL—Ileast squares collocation.

*Based on mean of differences for base lines included in Table 1.

Note: Range for station elevations: 52 to 154 m; Range for geoid height differences:
0.1 to 61 cm.

third-order leveling [12.0 mm X SQRT(km)]; e.g., White Pond to H 179,
ddH = 49 mm in 10.6 km (allowable = 39.1 mm); N 177 to H 179, ddH
= 87 mm in 11.1 km (allowable = 40.0 km); and 39 RH to 337, ddH =
42 mm in 7.2 km (allowable = 32.2 mm). These estimates may still meet
the requirements of some engineering or mapping projects, but surveyors
performing third-order leveling could not use these values to verify their
results.

It should be noted that the dhgps values for the Summlt County project
were obtained from triple difference solutions. If the GPS data were repro-
cessed with single or double difference solutions, the results would probably
improve slightly. This shows the importance of documenting which pro-
cessing method was used to reduce the GPS data. One method may be good
enough for horizontal control computations, but not accurate enough for es-
timating vertical control values.

Another consideration is the inconsistency of some comparisons. Looking
at Table 3, line segments U 177 to Horst Azi and N 177 to H 179 are of
approximately the same length, but their ddH values are considerably dif-
ferent. Similarly, N 177 to U 177 and 39 RH to S 337 are the same length,
but their ddH are significantly different. In addition, ddH for line segment
N 177 to U 177 falls within FGCC section closures tolerances for second-
order, class I [6.0 mm X SQRT(km)], while ddH for the segment 39 RH
to S 337 does not even meet FGCC section closure tolerances for third-order
leveling [12.0 mm X SQRT(km)]. Due to these inconsistencies, users must
be concerncd about the fluctuations in accuracy of GPS-derived orthometric
hcights.

The distribution of differential leveling orthometric heights is critical in
estimating the accuracy of GPS-derived orthometric heights. Referring to
Fig. 2, it is obvious that bench marks with leveling orthometric heights lo-
cated in the center of the network would help in estimating the accuracies
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TABLE 6. Comparison of Heights in Boulder County, Colorado, GPS Survey
Project

Hchol'm' MINUS HGPS
Adjustment 1* Adjustment 2° Geoid Height
Station Heviing Set 1° Set 2¢ Set 1° Set 2¢ Set1 | Set2
name (m) {cm) {cm) {cm) (cm) (m) (m)
(1) (2) (3) (4) (5) (6) (7) (8)
Buff 1,637.810 15.9 -5.1 13.9 3.3 -19.5] -15.5
Bunce 2,504.696 35.5 -152.5 -7.4 -8.1 —-16.41 —14.1
Copeland 2,539.501 58.8 —181.2 | Constrained | Constrained | —15.5 | —13.7
Evergreen® 2,211.90 —194.7 -281.7 -218.2 -254.2 —-18.11 —-14.8
F 391 1,439.091 9.8 -56.2 23.7 -8.4 -21.7| -18.2
F 414 1,404.617 74.9' -63.1 87.8' -8.4 -21.4] —-18.6
Ft. Collins 2 | 1,526.307 -51.5 -64.5 -27.9 -3.0 -20.11 -16.0
Granby* 2,491.30 -74.3 -259.3 -196.0 100.8 -14.8 | —12.5
Line 1,621.344 -15.0 12.0 -14.0 -0.8 -21.2 | —-16.7
J 320 Reset | 1,532.433 -15.2 -8.2 -19.8 15.0 -20.4 | —16.1
NOAA 1,697.176 7.7 -8.3 Constrained | Constrained | —19.5 | —15.5
Peak 2,784.980 44.7 -162.3 Constrained | Constrained | —15.9 | —13.8
Platteville 1,497.357 -0.2 —43.2 Constrained | Constrained | —21.8 | —18.0
T 320 Reset | 1,704.890 -12.6 -31.6 -16.8 8.9 -19.4 | —-15.4
TT 23 USGS | 1,797.943 | Constrained | Constrained | Constrained | Constrained | —19.8 | —15.6
U 356 1,609.930 -43.0 -72.0 Constrained | Constrained | —19.6 | —15.7
Ware GPS 1,603.729 17.6 0.6 18.2 10.3 -19.5 —15.5
X 402 1,489.871 ~51.3 -52.3 -21.0 9.5 -20.6 | —16.4
*Adjustment 1—Adjusted heights (Hgps) obtained from 3-D minimum constraint least squares ad-

justment,

*Adjustment 2—Adjusted heights (Hps) obtained from 3-D least squares adjustment solving for
geoidal tilt and scale.

‘Set 1-Geoid heights estimated using gravity data and Stokes’ integration method as documented
by Fury (1984).

Set 2—Geoid heights based on Rapp’s 360 x 360 model (OSU86F) as documented by Rapp and
Cruz (1986).

‘Height obtained using trigonometric method.

“The set 1 geoid height computation is under investigation. It seems inconsistent with nearby marks
F 391 and Platteville.

Note: Standard Error of Unit Weight—Adjustment 1 (set 1 = 1.0; set 2 = 1.0); Adjustment 2 (set
1 = 1.2; set 2 = 1.5).

of GPS-derived orthometric heights. In order to fully understand the incon-
sistencies, a detailed investigation of geoid slope and changes in slope of
the geoid should be performed and, where necessary, improved models used
to estimate geoid height differences.

In addition to investigating geoid height differences, leveling height dif-
ferences should be analyzed to ensure that a bench mark was not disturbed
since the last time it was leveled. It is possible that significant discrepancies
would be found if all bench marks were releveled. A true test of present
GPS-derived ellipsoid height differences and geoid prediction accuracies is
often possible only when GPS and leveling for a project occur very close
together in time. The leveling data surrounding the Summit County GPS
project were analyzed and all loop closures were within allowable tolerances.
However, the bench marks could have been disturbed between the date the
leveling data were obtained and the date the GPS survey was performed.
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TABLE 7. Comparison of Helghts in Boulder County, Colorado, GPS Survey
Project: Rotation (Seconds of Arc) and Scale Parameters

Project location Set 1* Set 2° Sigma
(1) (2) (3) (4)
Western Half:
North 4.48 -11.90 0.23
East -0.05 -2.68 0.18
Azimuth -1.63 -1.59 0.11
Scale (ppm) -1.93 -1.36 1.19
Eastern Half:
North -0.21 0.25 0.24
East -0.61 -1.36 0.14
Azimuth -1.74 -1.40 0.22
Scale (ppm) -0.57 -3.42 1.42

*Set 1—Geoid heights estimated using gravity data and Stokes’ integration method as
documented by Fury (1984).

*Set 2—Geoid heights based on Rapp's 360 X 360 model (OSU86F) as documented
by Rapp and Cruz (1986).

TABLE 8. Comparison of Heights in Summit County, Ohlo, GPS Survey Project

Hycveting MINUS Hgps

Adjustment 1* Adjustment 2° Geoid Height
Heveting Set 1°¢ Set 2° Set 1¢ Set 2¢ Set1 | Set2

Station name (m) (cm) (cm) (cm) (cm) (m) (m)

(1) (2) (3) (4) (5) (6) (7) (8)
Airport 318.491 -15.5 13.5 Constrained | Constrained | —31.8 | —33.8
B 10 335.572 -27.5 11.5 Constrained | Constrained | ~32.0 | —33.9
Horst AZ MK | 365.365 0.4 -0.6 2.9 12.3 -31.3| -33.6
H 179 295.862 2.2 8.2 9.1 8.6 -31.5| -33.7
Louisville* 387.8 -35.0 1.0 -3.4 -14.4 -31.9| -33.9
N 177 292.214 35 -1.5 5.7 3.4 -31.3 | —-33.7
Otis 348.030 -18.0 13.0 -6.5 0.3 ~-31.9| —-33.8
Rumph® 392.2 -22.6 2.4 -17.5 -11.2 -31.7| -33.8
Square 355.033 -14.6 13.4 -2.0 0.2 ~-31.8}1 -33.8
S 337 332.237 -17.2 11.8 -3.1 -2.0 —-31.8 | —-33.8
U177 293.097 | Constrained | Constrained | Constrained | Constrained | —~31.4 | —33.7
White Pond 299.651 ~3.6 12.4 6.7 -4.2 -31.7 | =339
39 RHP 362.138 -12.6 7.4 6.4 3.8 -31.6 | -33.7

*Adjustment 1-—Adjusted heights (Hgps) obtained from 3-D minimum constraint least squares ad-

justment.

*Adjustment 2—Adjusted heights (Hgps) obtained from 3-D least squares adjustment solving for
geoidal tilt and scale.

‘Set 1—Geoid heights estimated using gravity data and Stokes’ integration method as documented
by Fury (1984).

9Set 2—Geoid heights based on Rapp’s 360 x 360 model (OSU8S6F) as documented by Rapp and
Cruz (1986).

‘Height obtained using trigonometric method.

Note: Standard Error of Unit Weight—Adjustment 1 (set 1 = 1.2; Set 2 = 1.2); Adjustment 2
(set 1 = 1.2;set2 = 1.2).
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TABLE 9. Comparison of Heights in Summit County, Ohlo, GPS Survey Project:
Rotation (Seconds of Arc) and Scale Parameters

Project Location Set 1* Set 2° Sigma
(1) (2) (3) (4)
North 1.53 -1.52 0.41
East 0.00 1.52 0.47
Azimuth -1.06 -1.06 0.16
Scale (ppm) 0.58 0.19 0.39

*Set 1—Geoid heights estimated using gravity data and Stokes’ integration method as
documented by Fury (1984).

*Set 2—Geoid heights based on Rapp’s 360 X 360 model (OSU86F) as documented
by Rapp and Cruz (1986).

TABLE 10. Comparison of Heights in Boulder County, Colorado, GPS Survey
Project Using Estimates of “True’” Helmert Orthometric Helghts

Hievetmg MINUS Hps
Adjustment 1* Adjustment 2° Geoid Height
Hycveting Set 1° Set 2¢ Set 1° Set2* | Sett | Set2
Station name (m) (cm) (cm) (cm) (cm) (m) (m)
(1). (2) (3) (4) (5) (6) (7) (8)
Buff 1,637.778 12.7 -8.3 9.4 -1.1 -19.5| ~-15.5
Bunce 2,505.020 67.9 -120.1 -3.7 -4.4 -16.4 | —14.1
Copeland 2,539.835 92.2 -147.8 Constrained | Constrained | —15.5 | —13.7
Evergreen® 2,211.90 ¢ ¢ ¢ i ¢ ¢
F 391 1,439.004 1.1 -64.9 23.8 -8.2 -21.7| —18.2
F 414 1,404,512 64.4' -73.6 90.4" -5.8 -21.4] -18.6
Ft. Collins 2 | 1,526.217 -60.5 -73.5 -30.9 -5.7 -20.1 | —16.0
Granby® 2,491.30 ¢ ¢ < ¢ ¢ e
Line - 1,621.286 ~20.8 6.2 -14.4 -0.7 -21.2 | —16.7
J 320 Reset | 1,532.455 -13.0 -6.0 -15.4 19.5 ~20.4 | —-16.1
NOAA 1,697.150 5.1 -10.9 Constrained | Constrained | —19.5 | —15.5
Peak 2,785.471 93.8 -113.2 Constrained | Constrained | —15.9 | —13.8
Platteville 1,497.296 -6.3 —49.3 Constrained | Constrained | —21.8 | —18.0
T 320 Reset | 1,704.861 -15.5 -34.5 -21.8 4.3 ~19.4 | ~-15.4
TT 23 USGS | 1,797.943 | Constrained | Constrained | Constrained | Constrained | —19.8 | —15.6
U 356 1,609.858 -50.2 -79.2 Constrained | Constrained { —19.6 | -15.7
Ware GPS 1,603.694 14.1 -2.9 13.1 53 -19.5] —-15.5
X 402 1,489.780 -60.4 -61.4 -23.1 7.4 -20.6 { -16.4
*Adjustment 1—Adjusted heights (Hgps) obtained from 3-D minimum constraint least squares ad-

Justment.

PAdjustment 2— Adjusted heights (Hgps) obtained from 3-D least squares adjustment solving for
geoidal tilt and scale.

‘Set 1-Geoid heights estimated using gravity data and Stokes’ integration method as documented
by Fury (1984).

Set 2-Geoid heights based on Rapp’s 360 x 360 model (OSUB6F) as documented by Rapp and
Cruz (1986).

‘Height obtained using trigonometric method-not included.

'The set 1 geoid height computation is under investigation. It seems inconsistent with nearby marks
F 391 and Platteville.

Note: Standard Error of Unit Weight—Adjustment 1 (set 1 = 1.0; set 2 = 1.0); Adjustment 2 (set
1 = 1.2, set 2 = 1.2).
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TABLE 11. Comparison of Helghts in Boulder County, Colorado, GPS Survey
Project Using Estimates of ‘“True” Helmert Orthometric Helghts: Rotation (Sec-
onds of Arc) and Scale Parameters

Project location Set 1° Set 2° Sigma
(1) () (3) (4)
Western Half:
North 7.71 -8.71 0.23
East ~-0.73 -3.36 0.18
Azimuth -1.68 —-1.65 0.11
Scale (ppm) -2.00 —-1.44 1.19
Eastern Half:
North 0.22 0.68 0.24
East -0.75 -1.51 0.14
Azimuth -1.74 -1.40 0.22
Scale (ppm) 0.29 -2.55 1.42

*Set 1—Geoid heights estimated using gravity data and Stokes' integration method as
documented by Fury (1984).

*Set 2-—Geoid heights based on Rapp’s 360 X 360 model (OSU86F) as documented
by Rapp and Cruz (1986).

ANALYSIS

The projects discussed have shown how GPS-derived orthometric height
differences can vary considerably within the same survey. It is easy to un-
derstand that the main problem in estimating GPS-derived orthometric heights
is estimating the accuracy of the value where there is no known orthometric
height, which is exactly what the user needs. A better estimate of the shape
of the geoid, as well as changes in the slope, must be obtained before GPS-
derived orthometric heights can be routinely used by the surveying com-
munity. The authors believe that in certain areas of the country, GPS-derived
orthometric heights can be estimated accurately enough to meet the needs
of many users. The estimates, however, must be used with extreme caution
because of the large uncertainty in the estimates of geoid height differences.

Tables 6 and 7 list the results from GPS projects performed in mountain-
ous regions, i.e., Boulder County, Colorado. Fig. 3 depicts the Boulder
County GPS network. Published orthometric heights based on normal gravity
were used fo estimate the leveling height differences for Tables 6, 7, 8 and
9. These heights, called normal orthometric heights, are published by NGS
and available to all surveyors. Due to network adjustment procedures, pub-
lished normal orthometric height differences could disagree with the ob-
served leveling differences by several centimeters. For this report, these dif-
ferences are considered to be insignificant because of the large uncertainties
in the geoid height differences, although in Summit County, Tables 8 and
9, the results approach the 5-10 cm level of uncertainty.

From Tables 6 and 7, it appears that GPS-derived orthometric helghts in
mountainous regions may have uncertainties of +/— (0.5 m). In fact, uncer-
tainties of 1.5 m were detected when geoid heights were estimated using
Rapp’s OSU86F model (n = 360 deg. harmonic series expansion) (Rapp and
Cruz 1986). This is not meant to be a negative comment. The authors only
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FIG. 3. Boulder County, Colorado GPS Network

wish to point out to users that every project must be designed properly and
analyzed carefully. It is very important that bench marks (determined by
leveling) are strategically located throughout the project.

Fig. 4 is a plot of geoid heights that were estimated using four techniques
for five bench marks which were in the Boulder County GPS survey. The
following four techniques were used: (1) Computation using the Earth’s gravity
field represented by spherical harmonic coefficients to order and degree 180
derived by Rapp (1981); (2) spherical harmonics to order and degree 360
derived by Rapp and Cruz (1986); (3) Stokes’ integration procedure; and (4)
geoid heights estimated using GPS and leveling data (N = h — N). Fig. 4
indicates that the spherical harmonic models only represent the long wave-
length of the geoid and that Stokes’ integration method using gravity data
improves the estimates of geoid heights. Referring to Fig. 4, it is apparent
why bench marks are required throughout the surveying project.

Even the best estimates of geoid heights usually have systematic errors
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FIG. 4. Plot of Geold Heights Estimated with Four Techniques for Five Marks in
Boulder County GPS Survey

that are local in nature. These errors are in absolute magnitude as well as
in tilt. Vincenty (1987a, 1987b) describes the mathematical models required
to solve for these parameters. The geoidal slope is absorbed by two rotations
(one around the north axis and the other around the east axis in the horizon
system) and the geoidal heights are absorbed by the scale correction.

In order to evaluate the process, trend (bias) parameters were solved for
in two networks: Boulder County and Summit County. Tables 6, 7, 8, and
9 contain the results of the adjustments. It should be noted that the Boulder
County project was separated into two components. The boundaries of the
components were based on the large change in geoid slope as indicated by
comparing differential leveling orthometric heights to GPS-derived ortho-
metric heights. It is important that enough leveling elevations are evenly
distributed throughout the project in order to separate the network into trend
(bias) groups that best represent the slope and changes in slope of the geoid
(Vincenty 1987b). The points must be distributed in such a manner as to
provide a strong determination of a plane. Three fixed elevations are required
to solve for each additional set of parameters. Therefore, for every set of
parameters, the network should have at least five marks with leveling ele-
vations: three to solve for the parameters and two to check the results.

Looking at Tables 6, 7, 8 and 9, it is clear that solving for the parameters
improved the overall estimates of GPS-derived orthometric heights. The ma-
jority of the differences between GPS-derived orthometric heights and pub-
lished heights decreased. It should be noted that the Boulder County area is
an extreme case. It does not represent typical GPS projects being performed
in the United States. The results, however, are very encouraging and show
that GPS-derived orthometric height determination deserves more attention

in the future.
It was previously mentioned that due to network adjustment procedures,
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published normal orthometric height differences could disagree with the ob-
served leveling data by several centimeters. It should also be noted that cur-
rently published NGS orthometric heights are based on normal gravity, not
actual gravity values. The effect of using normal gravity instead of actual
gravity to estimate orthometric differences will vary, depending on the proj-
ect’s location and its extent. Usually the effect is small, but it can be large
in areas like Boulder County where large elevation differences occur over
short distances.

The leveling network surrounding the Boulder County GPS network was
generated using the latest data available. Geopotential differences were gen-
erated and validated, using gravity values derived from the SEG 4-km grid-
ded Bouguer anomaly data set obtained from the Society of Exploration Geo-
physicists, loop misclosures were computed and checkéd against allowable
tolerances, and a minimum constraint least squares adjustment was per-
formed to estimate “true” Helmert orthometric heights. All data outliers were
detected and removed.

Tables 10 and 11 contain the results using the heights estimated from the
special leveling network adjustment. The results from the 3-D minimum con-
straint least squares GPS adjustments indicate that the differences in heights
using geoid heights estimated using Stokes’ integration method increased and
the differences in heights using geoid heights estimated using OSU86F de-
creased. Once again, solving for the parameters improved the overall esti-
mates of GPS-derived orthometric heights.

The minimum steps required when analyzing GPS-derived orthometric
heights are as follows:

1. During the project’s planning stage, perform a detailed analysis of the geoid
in the area of the survey in order to determine if additional gravity and/or lev-
eling data are required to adequately estimate the geoid slope and changes in
slope.

a. Perform a detailed study of the density and distribution of observed
gravity values.

b. Perform a detailed study of the leveling network in the area, i.e., plot
all the leveling lines, note the age of leveling data, determine if bench marks
can be occupied by GPS equipment, etc.

2. Perform a 3-D minimum constraint least-squares adjustment.

3. Compare the adjusted GPS-derived orthometric height differences obtained
from step 2 with leveling-derived orthometric height differences.

4. Detect and remove all data outliers from steps 2 and 3 above.

5. Analyze the local geoid in detail.

a. Plot geoid heights in the area.

b. Plot estimated slope of geoid using differences between GPS-derived
ellipsoid height differences and leveling-derived orthometric height differences
(dN = dh — dH).

c. Plot clevations versus geoid heights to see if the geoid heights differ-
ences appear to be consistent with surrounding values.

6. Estimate the local systematic errors in the geoid heights by solving for the
geoidal slope and scale using the method described by Vincenty (1987a).

7. Compare the adjusted GPS-derived orthometric height differences from step
6 with the leveling-derived orthometric height differences.
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TABLE 12. Comparison of Projected Subsidence Based on Historical Differen-
tial Leveling Measurements and Results of Measuring Vertical Height Motion (Sub-
sidence) by GPS Height Difference Measurements In an Area Southeast of Phoe-
nix, Arizona, Performed February 1984—-May 1985 (15 Months Between Surveys)
Using Single-Frequency Macrometer V1000 Survey Systems

Amount of Subsidence
Stations Line length GPS (dh) | Projected (dH) Difference
From To (km) (cm) (cm) (cm)
(M (2) 3) 4) (5) (6)
M279 AS509 11 -11.2 -7.9 -3.3
H363 Q363 14 0.0 0.0 0.0
M279 D279 19 -8.5 -7.9 -0.6
H363 A279 21 0.0 -2.4 2.4
M279 A279 24 -3.0 -2.4 -0.6
M279 Q363 30 -0.5 0.0 -0.5
M279 H363 45 -1.7 0.0 -1.7

EsTiMATING VERTICAL CRuUSTAL MoTION UsINg GPS

This report has mentioned several times that the largest error source in
estimating orthometric heights using GPS and gravity data is the inadequacy
of the models to accurately represent the relief of the geoid. The main pur-
pose of performing geodetic leveling is to estimate orthometric heights that
are consistent with a particular datum, e.g., NGVD 29. Therefore knowing
the uncertainties of the estimates of geoid height differences is critical.

Leveling is also used to estimate vertical crustal motion when two or more
leveling surveys have been performed over some of the same bench marks,
enabling one to estimate changes in height differences between bench marks
over time. GPS satellite survey data can also be used to estimate vertical
crustal movement.

Changes in ellipsoid heights determined from repeat GPS surveys can be
evaluated independently of the geoid; i.e., the uncertainties associated with
estimates for geoid height differences can be ignored. Thus, repeat GPS
surveys can be used as an accurate alternative to repeat leveling surveys.
Results obtained by Strange (1985) for a project southeast of Phoenix, Ar-
izona, are listed in Table 12. Table 12 shows that it is possible to use mul-
tiple GPS occupations of the same point to estimate subsidence with uncer-
tainties that are typically less than 2 cm over 20-kilometer distances.

CONCLUSIONS

Since carly 1983, NGS has performed control survey projects in the United
States using GPS satellities. These surveys have met the requirements of
many users. '

It is obvious that GPS-derived orthometric heights will have a major im-
pact on the surveying community in the future. There are, however, scveral
factors which nced to be understood by users before GPS-derived orthom-
etric heights can be routinely used by the surveying community. The user
should perform a detailed analysis of the geoid in the area of the survey in
order to determine if additional gravity data and/or leveling are required to
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adequately estimate the geoid’s slope and its changes in slope. NGS is work-
ing on algorithms and models to improve the computation of geoid heights
and geoid height differences. NGS is actively pursuing the Integrated Geo-
desy approach of combining leveling data and GPS measurements with grav-
ity data to solve for an improved geoid (Hein 1985, Milbert and Holdahl -
1988). Network design must include bench marks with leveling orthometric
heights strategically located throughout the network in order to verify the
estimates of geoid height differences. This may require obtaining additional
leveling data in certain portions of the network where control is sparse or
where orthometric heights are based on very old surveys.

Results of analyses performed by the authors show that orthometric heights
in certain regions of the United States can be determined by GPS and gravity
data with uncertainties between 5—-15 cm. Analyses indicate that with ap-
propriate planning, consideration of GPS survey specifications for connec-
tion to bench marks, proper field observing procedures, and a proper strategy
for estimating geoid undulation differences and final orthometric height val-
ues, it is possible to use GPS survey methods to estimate orthometric heights
to meet a wide range of engineering and land surveying requirements for
vertical control.

Efforts will be made to improve the accuracies of geoid undulation dif-
ferences dependent on overall national accuracy needs for determining GPS-
derived orthometric heights and on costs of differential leveling versus GPS
and gravity survey methods. Therefore, another question needs to be ad-
dressed. What are the accuracy requirements of most engineering and land
surveying applications, as well as mapping applications? This is best an-
swered by the users, and will influence how much effort should be directed
toward estimating more accurate geoid values.
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